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Abstract—The nenlinear interaction of ultra-short pulse high brightness lasers with a2 uniform plasma is
studied numerically in 1-D. Apart from the usual nonlinear steepening and periodic lengthening of the
plasma wave, modification of the laser pulse also occurs if the pulse has a relatively long trailing edge
compared to the leading edge. This induced modulation results in the formation of spikes on the laser
pulse which are coincident with the Langmuir wave density maximum.

INTRODUCTION

RECENTLY, attention has focused on charged particle acceleration in a plasma by a
fast, large amplitude, longitudinal electron plasma wave. The plasma beat wave
and plasma wakefield accelerators are two efficient ways of producing ultra-high
accelerating gradients. Starting with the plasma beat wave accelerator (PBWA) and
laser wakefield accelerator (LWFA)schemes proposed by TanMa and Dawson (1979)
and the plasma wakefield accelerator (PWFA) also proposed by Dawson and co-
workers (CHEN er af., 1985), steady progress has been made in theory, simulations
and experiments.

In the beat wave accelerator, two laser beams of nearly equal frequencies resonantly
beat in a plasma in such a way that their frequency and wavenumber differences
correspond to the plasma wave frequency and wavenumber. For co-propagating laser
beams the plasma wave phase velocity vy, = (W, —w,)/(k,—k,) = wulk, is equal to
the group velocity of the laser beams which is slightly less than ¢, the velocity of light,
if the laser frequencies are much greater than the plasma frequency. A very similar
mechanism is involved in the stimulated Raman scatter process. The group velocity
of the plasma wave is essentially zero for a cold plasma, so that the excited plasma
wave is left behind as the laser pulse propagates through the plasma. The laser
pulse therefore always propagates into regions of undisturbed plasma leaving a large
amplitude plasma wave behind, which will eventually evolve into plasma turbulence,

Electrons which are injected with velocities close to the phase velocity of the plasma
wave can be trapped and accelerated to higher energies. A significant experiment on
the plasma beat wave accelerator was carried out by Johsi’s group at UCLA (CLayToN
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et al., 1985) where an accelerating field of | GV m™ ' was demonstrated. Similar ficlds
have since been reported by the Imperial College and RAL group (DANGOR et al.,
1990), using a neodymium glass laser and similar plasma densities to that used by the
UCILA group.

In the LWFA, a short pulse of laser light, whose frequency is much greater than
the plasma frequency, excites a wake of plasma oscillations due to the ponderomotive
force. Since the plasma wave is not resonantly driven as in the beat wave accelerator,
the plasma density does not have to be of a high uniformity to achieve large amplitude
waves. With the rapid development of high brightness lasers such as the 10 J, | ps
(Tabletop Ten Terawatt) system developed by the LLNL group (DARROW et al.,
1989), which could eventually be the front end of a 1 kI, | ps (Petawatt) system, the
LWFA is a promising source of energetic particles of the order of 10-100 GeV in
distances of the order of a metre. The focal intensities of such lasers will be = 10'° W
em™? with v,,./c = 1, where v, is the electron quiver velocity in the laser field, which
is the strong nonlinear relativistic regime of the LWFA ; any analysis must therefore
be in the strong relativistic regime. Note that v (= €| E|/mymc) is the nonrelativistic
quiver velocity, it defines the eleciric field strength | E| of the laser, m, is electron rest
mass and e, is the laser frequency.

The PWFA, on the other hand, does not require the use of lasers, only a high
currenti but low Cgrgy relativistic clectron beam, which is injected into a cold plasma,
As in the two-stream instability, the streaming electrons lose energy to the background
plasma by exciting a plasma wave. The phase velocity of the plasma wave is tied to
the velocity of the injected electrons, which is close to c. The concept of the PWFA
has been known since the late 50s when theory and experiments were carried out by
Soviet scientisis (FAINBERG, 1956 ; KHARCHENKO ef al., 1960). Because of the need
for ultra-relativistic beams no detailed studies, however, were carried out until recently
by Dawson (CHEN et al., 1985) and his group at UCLA, with experiments being
carried out at the Argonne National Laboratory (ROSENZWEIG et al., 1988, 1989).
The results of these experiments have directly verified the existence of electron acel-
eration in plasma wakefields by the injection of a test bunch of electrons into a beamn-
driven plasma wave. The experiments validated relevant predictions of linear wakefield
theory, such as the excitation and structure in both the longitudinal and transverse
directions of the excited plasma wave. A number of drawbacks associated with the
plasma beat wave scheme have to be overcome: (a) the necessity for very uniform
plasma, {b) plasma wave saturation due to relativistic frequency detuning, (c) the
resonance condition requires fine laser tuning. Plasma waves excited by either short
pulse lasers (PLWA) or by charged particle beams (PWFA) appear to be easier and
more efficient than the beat wave excitation. In the wakefield scheme, since the
excitation is due to a single pump, all the problems raised by the resonance condition
are absent and the plasma wave can grow to larger amplitudes.

NUMERICAL SOLUTION OF MODEL EQUATIONS DESCRIBING
LASER WAKEFIELD EXCITATION

Using a model based on the one-fluid, cold relativistic hydrodynamics and Maxwell
equations together with a “quasi-static” approximation, a set of twocoupled nonlinear
equations describing the self-consistent evolution in [-D of the laser pulse vector
potential envelope and the scalar potential of the excited wakefield are derived.
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Starting from the equation for electron momentum

ap 6p 1
- 1
6r+ Frie e(E+Cva) ()]

where
p=mgyv, 7= (1+p*imich)'?,
my and ¥ being the electron rest mass and velocity.  In equation (1) we have assumed

that all quantities only depend on z and 1, z being the direction of propagation of the
{external} pump and

B=VxA,; A, = 24,+54,, )

where A, is the vector potlential of the electromagnetic pulse and ¢ the ambipolar
potential due to charge separation in the plasma.

Usingequations (1) and (2) the perpendicular component of the electron momentum
is found to be

P

oo = mc? ——A, =a(z) (3)
and we can write
2 27172
14 P:
o R 9 @
where
Yo =(14+a))V; gy = (1—pH""2 )
and f§ =p,fc.

The equations derived from this model are now the longitudinal components of
equation (1), the equation of continuity, Poisson’s equation and the wave equation
for a(z. 1), which are given by (DE ANGELIS, 1990)
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Assuming a driving pulse of the form
a(z,1) = lag(&, 1) e ¥ +cc, (10)

where 0 = wyt—kyz, w, and k, being the central frequency and wavenumber,
¢ =z~ gt and v, = dw,/dk, is the group velocity and 7 is a slow time-scale such that
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where w,, is the plasma frequency of the unperturbed plasma. Equations (6), (7), (8)
and (11} form the basic set for this problem in the “envelope approximation™.

A simplified set of equations for the weak pump, weakly-relativistic regime, i.e.
lagl* < 1, f* « 1 was derived and solved by GorsuNov and Kirsanov (1987) and
SPRANGLE et af. (1988). The solution has the structure of a wakefield growing inside
the e.m. pulse and oscillating behind the pulse, with the maximum amplitude being
reached inside the pulse. Using the quasi-static approximation the time derivative can
be neglected in the electron fluid equations (6) and (7) yielding the following constants

Yy —Bo/yi—N—0 =1 (12)
n(ﬁo'}’u*‘\/?ﬁ_l) = Ry foy) (13)

where B, = v,/c. The constants of integration have been chosen in such a way that

n=ny, y =1, ¢g=0
for
Ya = 1{Jag|* = 0). (14)

Using equations (12) and (13), the general system (6)-(9) can be written as two
coupled equations describing the evolution of the laser pulse envelope a, and the
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scalar potential ¢
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The present set of nonlinear equations (15) and (16) are obtained using a quasi-
static approximation, which yields two integrals of the motion given by equations
(12) and (13). The model is valid for electromagnetic pulses of arbitrary polarization

and intensities @/ > = 1.

TABLE | —LIMITATIONS OF THE QUASI-STATIC APPROXIMATION FOR DIFFERENT

INITIAL LASER PULSE INTENSITIIS AND PULSE SHAPES, THE QUASI-STATIC

APPROXIMATION ONLY HOLDS UP TG CERTAIN TIMES DETERMINED BY THE
INITIAL PARAMETERS

Time 7 in terms of plasma

| Wonftiy period T}, = 2m/w,,

| 0.05 40

o, = 0.251, 0.01 250
6; = 0.254, 2 0.05 30
0.10 15

3 0.05 25

1 0.05 30

g, =0.251, 0.01 200
ar = 1.504, 2 0.05 25
0.10 10

3 0.05 20

1 0.05 50

g, = 1.504, 0.01 250
or = 0252, 2 0.05 50
0.10 20

3 0.05 50

Square pulse 0.01 250
width 2 0.05 40
=104, 0.10 6
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A simplified version of equation (15) for f, = 1 and a, = constant has been solved
by TsiNTsapzE (1990), while the coupled system for f, = | has been solved by
BuLanov et af. (1990). SPRANGLE et al. (1990) considered the solution of equation
(15) together with an equation describing the full wave equation for a without the
envelope approximation but still for the limiting case of f; = 1. A review of the
different approaches and limitations can be found in pE ANGELIS (1990), as well as a
fuli derivation of the present modei.

The set of coupled nonlinear equations (15) and (16) is solved numerically in the
stationary frame of the pulse. Equation (15), Poisson’s equation for the wakefield, is
solved with the initial conditions ¢ = 0, é¢/3¢ = 0 by a simple predictor-corrector
method. The step size is varied to allow accurate computation of the density and

{a) {b)
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F1G. 1.—The values of the magnitude of the normalized vector potential |ay| (solid curves)

and scalar potential ¢ andfor wake-electric field E,, {(dashed curves) with position § = z—uoyt,

laf] = /8, wpofng =001, =27, (a) and (b} Gaussian rtise and fall

0, = 0y = S5cfwpe = 0.7951,; (c) and (d) Gaussian rise o, = c/w,g = 0.1594,, Gaussllan fall

o = O¢jw,e = 1.4331,; (e} and (f) Gaussian rise o, = 9cfwyy = 1.4334,, Qaussmn fall

o= 9cfwpg = 0.1594,. T, = 27t/w,y, is the plasma period and 4, = 2nc/wy,, is the plasma
wavelength.
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intensity spikes. The envelope equation (16) describing the evolution of the laser pulse
is written as two coupled equations for the real and imaginary parts of a, and solved
implicitly.

The present model, based on a quasi-static approximation, yields two integrals of
the motion equations (12) and (13). The quasi-static approximation used states that
(SPRANGLE ef al., 1990) if the laser pulse is sufficiently short, the fields «, and ¢ are
expected to evolve slowly during a transit time of the plasma through the laser pulse.
[n this approximation the quantity y, = y,(yf—1)"/? is a constant. The quantity 7, is
checked continuously during the numerical calculation and it is found to change
slowly with time, the greater a, the sooner y, changes. Table 1 shows for different
input parameters, the number of plasma periods after which y, changes by 25%.
Clearly the quasi-static approximation is more valid for lower values of ¢, and wyo/@o;
this quantity is checked frequently during the calculation and is found to eventually
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FiG. 2. —The values of the magnitude of the normalized vector potential |a,} (solid curves)

and scalar potential ¢ andfor wake-electric field E,, (dashed curves) with position § = z—usy,

(@8] = 2, wpofer = 0.1, Gaussian risc o, = 0.252,. Gaussian fall ;= 1.54,. Curves (a) and
(b) are at time ¢ = 0.27,; (¢) and (d) arc at 1 = 107
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change after a number of plasma periods, the greater @, the sooner y. changes.
Numerical solutions of equations (15) and (16) showing the evolution of the excited
plasma wakefield potential ¢ and electric field E, as well as the envelope of the laser
pulse are shown in Figs 1 and 2. In all the figures we have plotted the fields as
normalized quantities ¢ = e pmyc?, E, = e|E|/mcwyg and |a,| = e Aofmyc?, defined
previously. The horizontal scale in all cases is the position & = z —u,f normalized by
the plasma wavelength 4, with the pulse propagating from left to right, time is in
terms of the plasma period, T, = 2m/w,,, |ag] signifies the peak amplitude of the
normalized initial vector potential of the laser pulse and finally o, and o; represent the
Gaussian pulse rise and fall coefficients, respectively (for a symmetric pulse g, = o).
The present study considers different pulse shapes. Figure 1 shows the evolution of

Re(ag)---- (a)
2FInlag)- lagl

1
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, ]
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Fig. 3—The values of the magnitude of the normalized vector potential |a,| {solid curve)

(the real and imaginary parts) and the scalar potential ¢ with position {=z—py. Fora

Gaussian rise 7, = (1.254,, Gaussian fall ¢, = 1.5, apfwg = 0.05]d5| = 2. Curves (a) and

(b) are for £ = 0.4T,; (c) and (d) are for 1 = 207, {e) and {f) are for t = 40T,. [Note that
Re(a,) coincides with |ag} in curve (a).]
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laq|, ¢ and the clectric field E,, at time ¢ = 27, for similar parameters considered by
TsINTSADZE (1990). It is obvious that the most efficient pulse shape for wakefield
generation is the one with a steep leading edge and a long trailing edge. Figure 2
shows the evolution of |a,|, ¢ and E, at two different times, at late times there is
significant distortion of the trailing edge of the laser pulse resulting in photon spikes.
Figures 3 and 4 show the time development of the laser pulse vector potential |aql,
bath realand imaginary parts, the potential ¢ and the normalized density perturbation
énfngy for a pulse with a sharp rise and a long trailing edge. The position of the
amplitude spikes occurring on the laser pulse coincides with the maximum in du/n,.
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FI1G. 4. —Evolution of the normalized density perturbation for the same conditions used in
Fig. 3. Curves (a), (b) and (c) are for the same times also, i.c. 1 =047, 207, and 40T,
respectively.
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FiG. 5.—The values of |ay|%/2 (curve 1) and the potential ¢ (curve 2) for square pulse-width

1, =1.04, and la% = 2. (ayand (b) are for wpu,'m“ = 0.01, (c) and (d) are for w g/, = 0.05,

(e) and (f) are for wyoferg = 0.1. Curve (a) 3s at time 1 = 27, (b} is at 1 = 1007, (c) is at
t=04T,, (d)isatr = 20T, (&) isat + = 0.27,, and. (Disat¢= IOT,,.

This distortion occurs where the wake potential has a minimum and the density has
a maximum. The spike arises as a result of the photons interacting with the plasma
density inhomogeneity with some photons being accelerated (decelerated) as they
propagate down (up) the density gradient. This effect, predicted by Dawson, is called
the photon accelerator (WILKs er al., 1989). The distortion of the trailing edge
increases with increasing w,q/ai,. For a square wave pulse, pulse distortion is found
to occur at the leading edge, as shown by BuLanov ef al. (1990) and also by our
present simulations, Fig. 5. Finally, we find that from Fig, 2 the longitudional potential
ed/me? > 1 or e|E|/fmawqc > L, is significantly greater than fields obtained in the
PBWA, which are limited by relativistic de-tuning. No such saturation exists in the
LWFA, and the pulse distortion observed is equivalent to pulse compression in real
space and therefore leads to frequency broadening.

CONCLUSIONS
An envelope equation describing in 1-D the evolution of an electromagnetic pulse
together with the equation describing the wakefield potential was solved in the station-
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ary frame of the pulse without the restriction f, = 1. The solutions show a strong
distortion effect on the e.m. pulse, namely the generation of a short intensity spike
which coincides with the maximum of the plasma density perturbation. This intensity
spike will have the effect of broadening the frequency spectrum of the pulse. Various
pulse shapes are solved for, with the most effective shape for wakefield generalion
being that of a sharp rise with a slowly falling tail.
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