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Both particle-in-cell and Vlasov simulations of the collective absorption ofp-polarized intense laser
light incident on a plasma with a steep density profile show the fractional absorption decreasing with
intensity for large angles of incidence. Here an analytical model is developed that indicates that this
effect for a high-temperature plasma (Te>2.5 keV) is connected with the conversion of a large
fraction of the incident energy into harmonic emission. Good agreement between the results of
Vlasov simulations and those of the nonlinear analytical model are obtained. ©1997 American
Institute of Physics.@S1070-664X~97!01206-8#
n
n
y

f
rp

r-
ht

b
e
lf-
n-
ig
th
re

in
ha
h
of

to
ls
t
n

the
atic
a is
s of
are
tric
cays
hat
mi-
ther
r of

in
rent

-
de.
a-
e
v

re-
cal
e
ters.

me
on
le

,

I. INTRODUCTION

Terrawatt laser systems have created novel experime
conditions in which it is possible to produce near solid de
sity plasmas, with density scale lengths at the boundar
fraction of the vacuum wavelength. Experiments withs- and
p-polarized light have shown that absorption is enhanced
the latter, indicating that a substantial fraction of the abso
tion is purely collective.1,2 Recent experiments and theory3,4

support this conclusion and suggest that at irradiancesIl2

>1017 W cm22 mm2 pulses with no prepulse enter a unive
sal regime of an ideal plasma interacting with laser lig
Simulations performed by Gibbonet al.5–7 and by Ruhl8 pre-
dict that fractional absorption of ultrashort laser pulses
purely collective effects decreases with growing irradianc

In this paper we aim to explain this effect by a se
consistent analytic kinetic approach. We will link it to e
hanced emission of the second harmonic in the limit of h
temperatures. We will see that dominant terms involve
electric field perpendicular to the interface as was found
cently by Yanget al.9 and previously by the author.10

The reason for the electric field perpendicular to the
terface playing the dominant role for harmonic emission
a simple physical explanation as follows. If the normal to t
interface is in thex direction, the electrostatic component
the force normal to the interface is to leading order,

^rEx&5
e0
2

]x^Ex
2&. ~1!

Taking the positive direction to be from the medium
the vacuum, this force acts toward the vacuum. There is a
of course, thej3B force. If we neglect the displacemen
current the magnetic force is~the incident wave being take
to be polarized with its electric field in thex-y plane!

^ j yBz&52
c2e0
2

]x^Bz
2&. ~2!

a!Electronic mail: Hartmut.Ruhl@physik.th-darmstadt.de
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This force acts inward and, when integrated through
skin layer, gives a total force greater than the electrost
component, so the total radiation pressure on the plasm
inward, as would be expected. One of the crucial feature
the plasma response for our present work is that there
two separate skin lengths and that the longitudinal elec
field produced by charge separation at the surface de
more rapidly than the electromagnetic field. This means t
the outward component of the force described above is do
nant near the surface, while the force on the electrons far
into the plasma is negative. This explains the surface laye
enhanced electron density seen in simulations.6,8 Also, the
large electron density perturbation in the longitudinal sk
layer produces the dominant term in the second-order cur
for the steep density profiles considered.

In Sec. II we will give a detailed derivation of the ana
lytical plasma model and describe the approximations ma
In Sec. III we will give an approximate solution of the equ
tions of Sec. II. Ultimately, in Sec. V we will compare th
results of the analytical model with fully nonlinear Vlaso
calculations.

II. MODEL EQUATIONS

We now give an analytic estimate of the plasma
sponse that will justify the above remarks. The analyti
solution given in Sec. III will provide an estimate of th
second harmonic emission over a large range of parame
Use is made of the well-known boosting technique,11 which
yields an additional constant of motion. The boosted fra
will be used throughout this paper. For the initial electr
distribution a Maxwellian is taken. A step-like density profi
for the electrons withn(x)5n0 for x.0 is assumed. We
then obtain for the electron distribution at arbitrary times

f ~ t !5
n0

A2p3m3v th
3
expS 2

px
2~0!1pz

2~0!

2m2v th
2 D

3expS 2
~py~0!1b̄ḡmc!2

2ḡ2m2v th
2 D , ~3!
(6)/2246/7/$10.00 © 1997 American Institute of Physics

to¬AIP¬license¬or¬copyright,¬see¬http://pop.aip.org/pop/copyright.jsp



-
u
th
e
-
ro

at

nd
e
a

rd
t
r
a
at
th

on
-

.
al
rse
to
by
u-
e
se
atic
e
ion

kin

gher

te
ab-
put
t
e
In
lf-

ld

ap-

iv-
cs
-
sti-
ot
nt
where

x~t!5x2E
t

t

dh vx~h!,

px~t!5px1eE
t

t

dh$Ex@x~h!,h#

1vy~h!]xAy@x~h!,h#%,

py~t!5py1e@Ay~x~t!,t!2Ay~x,t !#,

pz~t!5pz . ~4!

The quantitiesb̄ and ḡ are given byb̄5sinu and ḡ
51/A12b̄2, whereu denotes the angle of incidence.

We will approximate the first of the Eqs.~4! by x(t)
5ux2vx(t2t)u. We would like to note that different ap
proximations for this equations naturally lead to the vario
collective absorption mechanisms discussed in
literature.4,9,12 A detailed summary of these is found in th
paper by Rozmuset al.4 The straight line approximation cer
tainly becomes invalid as soon as large numbers of elect
are allowed to penetrate into the vacuum.12 We will see by
comparison with fully nonlinear Vlasov simulations to wh
extent the straight line approximation is justified~see Sec.
IV !.

We next expand the electron distribution function a
keep only those terms that are at most quadratic in the fi
amplitudes. On a formal mathematical basis such an exp
sion is valid ifvpvos

2 /vcv th,1. In deriving this condition we
assumed that field amplitudes in the plasma are of the o
of the vacuum amplitudes. This assumption overestima
the field strengths. We shall see later by comparing the
sults of the analytical model with Vlasov simulations to wh
extent this restriction can be relaxed. The parameter indic
that high temperatures tend to linearize the interaction of
laser pulse with the plasma.

In a second step the charge and current densitiesr, j x ,
and j y are calculated, with the help of the approximati
obtained forf and introduced into Maxwell’s equations, giv
ing

]xEx'
vp
2ḡ

A2pv th
E

2`

`

dpx
px

m2v th
2 e2px

2/2m2v th
2

3E
0

t

dtSEx
L1

eAy ]xAy

mḡ3 D , ~5!

] tEx'2
vp
2ḡ

A2pv th
E

2`

`

dpx
px
2

m3v th
2 ḡ

e2px
2/2m2v th

2

3E
0

t

dtSEx
L1

eAy]xAy

mḡ3 D , ~6!
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S ]x
22

1

c2
] t
2DAy'

vp
2ḡ

A2pv thc
2 E2`

`

dpx e
2px

2/2m2v th
2

3E
0

t

dtF 1

mḡ3 ]tAy1
px

m2v th
2 S b̄cEx

L

2
eAy~ t !Ex

L

mḡ3 1b̄c
eAy]xAy

mḡ3 D G , ~7!

whereEx
L5Ex2b̄c ]xAy . We would like to note that Eqs

~5!, ~6!, and~7! are of nonlocal nature. The term proportion
to Ex

L describes the zeroth-order coupling of the transve
field Ay to the electrostatic field. This coupling leads
Fresnel-type formulas for fractional absorption, as given
Andreevet al.13 In addition, we have a second-order co
pling term, Ay(t)Ex

L , which describes the coupling of th
transverse field to longitudinal plasma oscillations. The
surface oscillations show up as the oscillating electrost
fieldEx

L . The oscillation amplitude is of the order of a Deby
length. The relevance of this effect for harmonic generat
has been suggested by Erokhinet al.14 and recently by Lich-
ters et al.15 The other second-order term given byAy ]xAy

describes the self-coupling of the transverse field in the s
layer.

The quadratic terms in Eqs.~5!, ~6!, and ~7! lead to a
cascade of coupled equations for the secular fields and hi
harmonics. We will see in Sec. III thatAy(t)Ex

L and
Ay ]xAy will generate higher harmonics. We will concentra
on the second harmonic and show that it can decrease
sorption for the parameters considered in this paper or to
it differently increase reflectivity. We will find tha
Ay(t)Ex

L and Ay ]xAy are of different strengths and hav
very different characteristics versus angle of incidence.
the next section we will give an approximate but se
consistent solution of our model equations~5!, ~6!, and~7!.

III. APPROXIMATE SOLUTION OF THE MODEL
EQUATIONS

An approximate solution of the equations~5!, ~6!, and
~7! is found by first neglecting the terms quadratic in the fie
Ay . We then obtain self-consistent first-order solutionsEx1

andAy1 . In a second step we reintroduce the first-order
proximations into Eqs.~5!, ~6!, and~7! and calculate the dc
fieldsEx0 andAy0 and the second harmonicsEx2 andAy2 .
As we can see from Fig. 1, obtained with the help of relat
istic Vlasov simulations, the intensity of higher harmoni
falls of rapidly in the high-temperature limit, so it is suffi
cient to consider only the second for the parameters inve
gated in this paper. In addition, to save effort we shall n
renormalize the first-order solutions. With an incide
p-polarized wave, we first obtain forEx1

L andAy1 inside the
plasma,10,13

Ex1
L ~x,t !'R$Êx1

L ~u!e2 ivt@Q~x!e2x/ l e2Q~2x!ex/ l e#%,

Ay1~x,t !'R$Ây1~u!e2 ivt@Q~x!e2x/ l s1Q~2x!ex/ l s#%,
~8!
2247H. Ruhl and R. A. Cairns
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L ~u!52ivBz1~0

1!Fx1
L ~0!,

l e'
1

7p1/6 S v thc2ḡvp
2v D 1/3S cv

v thvp
D 2/3,

Ây1~u!522Bz1~0
1!Fy1~0!, l s'

1

p1/6 S v thc2ḡvp
2v D 1/3,

~9!

Fx1
L ~0!5E

2`

` dq

2p

gxy~q,v!2b̄c~q/v!gxx~q,v!

gxx~q,v!gyy~q,v!2gxy
2 ~q,v!

,

Fy1~0!5E
2`

` dq

2p

gxx~q,v!

gxx~q,v!gyy~q,v!2gxy
2 ~q,v!

, ~10!

gxx~q,v!52
vp
2v

c2 S ḡ2v

q2v th
2 @11X~q,v!#1

v

vp
2D ,

gxy~q,v!52
vp
2v

c2
ḡ2

v th
2q

b̄c@11X~q,v!#,

gyy~q,v!52
vp
2v

c2 F ḡ2

v th
2v

b̄2c2@11X~q,v!#

1
1

vḡ2 X~q,v!1
c2

vp
2v

S v2

c2
2q2D G , ~11!

and

FIG. 1. Higher harmonics of the reflected light foru560° and Il2

51018 W cm22 mm2 ~upper plot!. AB ~fractional absorption! and CE~frac-
tional conversion efficiency! versus angle of incidence~lower plot!. Both
plots have been obtained by a Vlasov simulation forn/nc525, Te
510 keV, andL/l50.01.
2248 Phys. Plasmas, Vol. 4, No. 6, June 1997
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X~q,v!5
ḡv

A2v th2q2
ZS ḡ

v1 in

A2v th2q2
D . ~12!

The functionZ denotes the plasma dispersion function16

The symmetry of the fields in Eqs.~8! is such as to repro-
duce, for straight line orbits, the effect of specular electr
reflection. The different skin lengthsl s and l e for the trans-
verse and longitudinal fields give rise to the effects discus
earlier. Requiring continuity at the vacuum plasma interfa
yields forBz1(0

1),

Bz1~0
1!5

2E0

cḡ

11 i ~2v/c!Fy1~0!

12 i ~2v/c!Fy1~0!
. ~13!

We now insert Eqs.~8! into Eqs.~5! and~7! to obtain for
Ex0
L ,

ḡEx0
L ~x!5S euÂy1~u!u2

mḡ2l s
2
eR@Ây1* ~u!Êx1

L ~u!#

mc
b̄ D

3H1~x,l s ,lD!,

H1~x,l s ,lD!5
1

2~124lD
2 / l s

2!
@e22x/ l s2e2x/lD#, ~14!

wherelD5v th /vp5(vv th
2 /vpc

2) l s . Equation~14! demon-
strates the effect of a force on the electrons in the direction
growing field strength of the oscillating fields due to th
nonlocal light pressure term proportional
R@Ây1* (u)Êx1

L (u)#. This force acts on the length scalel e
! l s and leads to a negative charge accumulation close to
vacuum–plasma boundary.17 The next step consists of calcu
lating the second harmonics from the first-order solution
Eqs.~8!. We obtain by introducing Eqs.~8! into Eqs.~5!, ~6!,
and ~7! and Fourier transforming

] tEx25 ivp
2e22ivtE

2`

` dk

2p
e2 ikx

3S Ẽx2
L 1

eÂy1
2 ~u!

imḡ3l s

k

k21~4/l s
2!

D 2ḡ2v

v th
2 k2

3@11X~k,2v!# ~15!

and

S ]x
22

1

c2
] t
2DAy2

5 i
vp
2

c2
e22ivtE

2`

` dk

2p
e2 ikxF 1

ḡ2
X~k,2v!iÃy2

1
b̄ḡ2c

v th
2 k

@11X~k,2v!#S Ẽx2
L 1

eÂy1
2 ~u!

imḡ3l s

k

k21~4/l s
2!
D

1
ḡ2

v th
2 k

@11X~k,v!#
eÂy1~u!Êx1

L ~u!

imḡ3

k̃

k̃21~1/l e
2!

G ,
~16!

wherek̃5k1 i / l s . The quantitiesÃy andẼx
L denote the Fou-

rier transforms of the fieldsAy andEx
L . The amplitude of the
H. Ruhl and R. A. Cairns
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second harmonic is now determined by requiring continu
solutions at the vacuum plasma boundary exactly in the s
fashion as for the fundamental mode. As a consequence
reflected light will contain the second harmonic in additi
to the fundamental. The result for the amplitude of the s
ond harmonic of the transverse fieldEy2 is

Ey2~x,t !5e22ivt@Ty2~x!1Ly2~x!

24ivBz2~0
1!Fy2~x!#, ~17!

Fy2~x!5E
2`

` dq

2p
e2 iqx

3
gxx~q,2v!

gxx~q,2v!gyy~q,2v!2gxy
2 ~q,2v!

,

Ly2~x!52
2ePl
imvḡ3 E

2`

` dq

2p
e2 iqx

3
q2

q211/l e
2

@gxx~q,v!1~v2/c2!#gxx~q,2v!

gxx~q,2v!gyy~q,2v!2gxy
2 ~q,2v!

,

Ty2~x!5
4ev2Pt

imc2ḡ3l s
E

2`

` dq

2p
e2 iqx

q

q214/l s
2

3
gxy~q,2v!

gxx~q,2v!gyy~q,2v!2gxy
2 ~q,2v!

,

Bz2~0
1!5

1

c

Ly2~0!1Ty2~0!

12 i ~4v/c!Fy2~0!
. ~18!

The quantitiesP15Ây1(u)Êx1
L (u) andPt5Ây1

2 (u) describe
the self-coupling strengths of the transverse fieldAy to lon-
gitudinal and transverse plasma oscillations@coupling terms
Ay(t)Ex

L and Ay ]xAy#. It is interesting to note thatLy2
dominatesTy2 . Next we will give the analytical formula for
fractional absorption~AB! that consists of the normalize
incoming energy flux represented by 1 minus the emit
energy flux for the fundamental mode minus the emitted
ergy flux for the second harmonic. It is given by

T512
12~4v/c!TFy1~0!1~4v2/c2!

11~4v/c!TFy1~0!1~4v2/c2!uFy1~0!u2

2
~ ḡ2/E0

2!uLy2~0!1Ty2~0!u2

11~8v/c!TFy2~0!1~16v2/c2!uFy2~0!u2
. ~19!

This formula has been obtained formally by demand
continuous solutions at the boundary and shows the add
property of fractional absorption in the high-temperatu
case considered here. We define the fractional conver
efficiency for the second harmonic~CE! as the ratio of the
emitted intensity of the second harmonic to the irradia
intensity. It is given by the third term of Eq.~19!. Since
Ly2 andTy2 scale like intensity CE scales like intensity whi
the absolute conversion scales like intensity squared. Th
in agreement with measurements by Norreyset al.18
Phys. Plasmas, Vol. 4, No. 6, June 1997
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IV. VLASOV SIMULATION OF FRACTIONAL
ABSORPTION

We consider a plasma slab that is inhomogeneous o
in the x direction and completely homogeneous in all oth
directions. For agreement with the analytical model we
sume a static ion background. The extension to account
ion motion is straightforward. Ap-polarized laser pulse ap
proximated by a plane wave is assumed to impinge
plasma under an arbitrary angle of incidenceu. A simple
Lorentz transformation is then applied to reduce the tw
dimensional~2-D! spatial geometry for oblique incidence t
a one-dimensional~1-D! geometry for normal incidence
~boost technique;11 see Sec. II!. The distribution functionf e
is a Lorentz scalar. Then, in the boosted frame the elec
distribution functionf e(x,px ,py ,t) obeys the following rela-
tivistic Vlasov equation@in the following the indexe( i ) re-
fers to the electrons~ions!#,

@] t1vex]x2e~Ex1veyBz!]pex2e~Ey2vexBz!]pey# f e50,
~20!

where

vex/y5
cpex/y

Ame
2c21pex

2 1pey
2

~21!

is the x(y) electron velocity component. The longitudin
and transverse electromagnetic fieldsEx , Ey , and Bz are
given by Maxwell’s equations,

]xEx5
1

e0
r, ~22!

] tEx52
1

e0
j x , ~23!

]xEy52] tBz , ~24!

] tEy52c2 ]xBz2
1

e0
j y , ~25!

where the charge and current densitiesr, j x , andj y are given
by

r52eÈ`

dpexÈ`

dpeyf e1ZeÈ`

dpix È`

dpiy f i ,

j x52eÈ`

dpexÈ`

dpey vex f e

1ZeÈ`

dpix È`

dpiy v ix f i ,

j y52eÈ`

dpexÈ`

dpey veyf e

1ZeÈ`

dpix È`

dpiy v iy f i . ~26!

HereZ is the charge state of the ions. Equations~22!–~25!
can be rewritten in a conservational form more suitable
our numerical purposes,
2249H. Ruhl and R. A. Cairns
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] tEx1
j x

r1C
]xEx50, ~27!

whereEx5Ex1Cx, with r1C.0, C@1 being a constan
introduced for numerical reasons~we chooseC;103!. Fur-
thermore, concerning the transverse part of Maxwell’s eq
tions, i.e. Eqs.~24! and ~25!, we write

~] t6c]x!E
652

1

e0
j y , ~28!

whereE65Ey6cBz . To fix the initial and boundary condi
tions for the electromagnetic fields and the electron distri
tion function f e , we observe that Eqs.~20!, ~27!, and ~28!
preserve their shape for an arbitrary angle of incidenceu if
Ex , E

6 and f e are given, respectively, by

E1~0,t !5
2

ḡ
E0 sin vt,

E2~`,t !50, ~29!

Ex~x,0!5E6~x,0!50,

FIG. 2. AB versus angle of incidence. Coupling to longitudinal plas
oscillations turned off forl e50.0 and turned on forl e51.0 ~upper plot!. CE
versus angle of incidence due toPl and Pt ~lower plot!. Both plots have
been obtained analytically for a step-like density profile. The parameters
n/nc525, Te510 keV, andIl251018 W cm22 mm2.
2250 Phys. Plasmas, Vol. 4, No. 6, June 1997
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f e~x,pex ,pey,0!5Nene~x!expF2
mec

2

kBTe

3SA11
pex
2 1he

2~pex ,pey!

me
2c2

21D G ,
~30!

where

he~pex ,pey!5ḡ~pey1b̄Ame
2c21pex

2 1pey
2 ! ~31!

and

Ne
215 È`

dpexÈ`

dpey

3expF2
mec

2

kBTe
SA11

pex
2 1pey

2

me
2c2

21D G . ~32!

Equation~30! is obtained assuming thatf e(0) is Max-
wellian and requiring thatf e transforms like a scalar. The
details of an efficient fully relativistic numerical scheme f
integrating Eqs.~20!, ~22!–~25! are beyond the scope of thi
paper.

The size of the simulation box is 6l for x(0<x<6l),
where l is the vacuum wavelength of the laser light a
80mv th for px andpy . The componentpz is not needed for
the purep-polarization case~see Sec. II!. Since it is neces-
sary to resolve scale lengths of the order of a thermal De
length~see Sec. III!, the spatial resolution has been chosen
be 0.5lD50.5v th /vp . In momentum space we choos
0.2mv th . The position of the vacuum plasma interface
located atx52l. Those electrons that reach the boundar
are allowed to escape. No electrons enter at the vacu
boundary located atx50. At x56l thermal electrons with
the initial temperature are allowed to enter. We do n
choose a step-like density profile but a very small finite sc
length (L/l50.01). The temperature of the simulations
Te510 keV and the densityn/nc525. For these parameter
we obtain l s'6.3lD51.26v th /v, l e'1.1lD50.23v th /v,
andlD50.0045l.

The first plot of Fig. 1 shows the amplitudes of th
higher harmonics normalized onto the amplitude of the in
dent radiation obtained by a Vlasov simulation forTe
510 keV andIl251018 W cm22 mm2. We observe that the
spectrum of the emitted higher harmonics goes up to
ninth order. The second plot of Fig. 1 gives AB and CE f
the same temperature and forIl251017 W cm22 mm2 and
Il251018 W cm22 mm2. It shows a decrease of AB fo
growing intensity.5,8 The magnitude of AB foru560° and
Il251018 W cm22 mm2 can be determined from the spe
trum given in the first plot of Fig. 1. The outgoing energ
flux contained in the fundamental mode plus the second
monic already gives a good approximation for the obser
AB. This result verifies the additive character of AB give
by Eq. ~19! for the parameters considered here. The ma
mum CE forIl251017 W cm22 mm2 is about 3% while it is
almost 12% for Il251018 W cm22 mm2. In addition, we

re
H. Ruhl and R. A. Cairns
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find that AB is only weakly sensitive to intensity for norm
incidence, as expected from the discussion above.

V. DISCUSSION AND SUMMARY

As we can see from the second plot of Fig. 1 that w
obtained by a Vlasov simulation AB decreases with grow
irradiation. The same result is obtained analytically~see Fig.
2!. The upper plot of Fig. 2 gives AB for various couplin
strengths~indicated by l e! to longitudinal plasma oscilla
tions. If we consider the normalized skin lengthl e as a for-
mal coupling parameter we can turn on and off the coupl
of the laser light to the surface oscillations discussed in S
II ~l e50.0 means no coupling,l e51.0 means full coupling!.
The lower plot of Fig. 2 gives the analytical results of fra
tional emission of the second harmonic due toP1 andPt for
a step-like density profile (P1@Pt). Figures 3 and 4 show
CE for various irradiancies, temperatures, and densities.
model predicts that fractional conversion grows linearly w
intensity ~this means that conversion grows as intens
squared!, which is in agreement with experiments.18 How-
ever, we note that we did not renormalize the first-order
lution given by Eq.~8!. In addition, since electron uphil
acceleration provides a shielding process we expect
hanced target surface expansion, which should be include
future calculations.17 From the lower plot of Fig. 3 we se
that growing temperatures reduce CE. This result indica

FIG. 3. CE for various irradiances~upper plot! and various temperature
~lower plot! versus angle of incidence. The parameters aren/nc525 and
Te510 keV ~upper plot! and n/nc525 and Il253.331017 W cm22 mm2

~lower plot!.
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that low temperatures are necessary for high-order harm
ics. For the parameters of Fig. 2 we obtainvpvos

2 /vcv th
'18. The results still agree well with the numerical da
Thus, we conclude that the formal restriction given in Sec
is not severe and can be extended up to 18. This is due to
fact that in the overdense plasma the amplitudes are m
smaller than the vacuum amplitudes, which have been
sumed to derive the criterion of Sec. II. The upper plot
Fig. 4 gives AB forn/nc54.4. For this density that is clos
to the critical density for the second harmonic, the analyti
model predicts almost no conversion, a result we cons
being reasonable. In addition, the optimum conversion an
drops tou'30°.

We conclude as follows. The second harmonic emiss
is able to reduce fractional absorption considerably for h
temperatures. This process might also play a role for low
temperatures, where our approximations become ques
able. The coupling of the transverse field to longitudin
plasma oscillations~coupling parameterP1! provides the
dominant mechanism of harmonics generation for step-
density profiles supporting the hypothesis of Lichterset al.15

while the coupling to transverse plasma oscillations~cou-
pling parameterPt! is less effective in that case. Howeve
this second coupling mechanism may play a role for fin
density gradients.
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